
 

8 2 Area of a surface of Revolution

A surface of revolution is formed when a curve

is rotated about a line

cylinder
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From similar triangles we have

E K
which gives
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Putting this into the first equation we get
A it r et Kl 2

or A Irl where

r rith

is the average radius of the band

general situation

A
g ft

6 n

consider the above surface obtained from
rotating the curve g ft a ex e b about

the x axis where f is positive and has a

continuous derivative



We deride the interval la b into u subintervals

with endpoints x x Xu and equal width DX
K

c iia v

By formula G we get for the surface area

of each band
ht Yitt Pie Pit

For IP Dil we get from the arc length

IPi.it l Ttfxi Fax
where xi is some number in Exit Xi
When DX is small we have yi flxikflx.it
and also yi i flxiD ffx.tt since f is
continuous Therefore

2T Yi itzti IP.li n2u fGi fHff'Gi dx
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Taking the limit n soo we obtain

A fins t.E2tflx.it ttlfYxi bx

b12tflx fHlf'Idx
Definition 8.2 surface area

Yet f la b Rt be a positive function
with continuous derivative Then we define
the surface area obtained by rotating
the curve y fix a ex Eb about the x axis as

S at fix fHffYxDTdx

Fast y f l day
2 dx 41

If the curve is described as gig eyed
then the formula becomes

S fdzuyfltldfy.ITdy f5
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this
symbolically we can also writerusing the
notation for arc length as

5 fat yds or S J2Txds
far rotation about

y axis

Example 8.4

The curve ya TE 1 Ex El is an

arc of the circle x't y 4 Find the

surface area after rotation about the x axis

Solution
d 14 xD 4 2 7

and so by formula 5 the surface area is
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Example 8.5

The arc of the parabola y x from
lit to 12,4 is rotated about the y axis

Find the area of the resulting surface
Solution 1

Using g x and day 2x

we have

5 J 2txds
sax It daff dx

21T x 11 47 d

Substituting a It 4 2
we have du 8xdx

s I ru du I Izu Y

II 17157 555



Solution
Using x Fy and dfg try
we

g f d Spex fHHfy dy
zit fyfHTdy tµ4yIdy
IT Tu du where a It 4g

If 17517 555

Example 8.6

Find the area of the surface generated

by rotating the curve g ex oexel

about the x axis

Solution
using formula G with

Y ex and daf ex



we have

S Jostyfttldd.fr dx
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set If sect taut h secottanoff
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Since tan a e we have
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8 3 Polar coordinates

Here we describe a coordinate system
introduced by Newton called the

polar coordinate system which is more convenient

for many purposes
Pcr o

r

TO x0 polar axis

The pair no are called polar coordinates

of P
Convention
An angle is positive if measured in the
counterclockwise direction and negative otherwise

Ott Ct 0

a

extention to negive values of r



trio represents the same point as Cr Gta

Example 8.7

Plot the points whose polar coordinates are

i 1 5h44 ii 2,3T

solution
i Do s

SIT
ii i D

Connection between polar
x y coordinatesand Cartesian coordinates

a
Pcr Play coset f

r sino IY r

T 0 i
O x

x rcoso y rsino C
These equations are valid for all values

of r and Q



The opposite direction is given by
r x2 t y fan 2

Example8.8
siconvert the point hits from polar

to Cartesian coordinates

Equations 1 give
X r cos 0 2 cos Iz 2 Lz I

Y r sin 0 25in Iz 2 Iz D

Ii Represent the point with Cartesian
coordinates Ch l in terms of polar coordinates

Equations G give
r fifty fitfI 2r

tan Ix I

Definitim8 si
The graph of a polar equation polar curve

r fco a mare generally Fcr 01 0 consists

of all points P that have at least one



polar representation Cr E whose coordinates

satisfy the equation

Example 8.9

i what curve is represented by the

polar equation r 2

More generally r a

represents a circle with
r.az radius a and origin O

o x

t

ii sketch the curve 0 1
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